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A family Φ of continuous real-valued functions on a space X is said to be basic if every
f ∈ C(X) can be represented f =∑ni=1 gi ◦φi for some φi ∈ Φ and gi ∈ C(R) (i = 1, . . . ,n).
Deﬁne basic(X) = min{|Φ|: Φ is a basic family for X}. If X is separable metrizable then
either X is locally compact and ﬁnite-dimensional, and basic(X) < ℵ0, or basic(X) = c.
If K is compact and ﬁnite-dimensional then basic(K ) cof ([w(K )]ℵ0 ,⊆), and if K contains
a discrete subset D with |D| = w(K ), then either K is ﬁnite-dimensional, and basic(K ) =
cof ([w(K )]ℵ0 ,⊆) or basic(K ) = |C(K )| = w(K )ℵ0 .
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The 13th Problem of Hilbert’s celebrated list [6] asks whether every continuous real-valued function of three variables
can be written as a superposition (i.e. composition) of continuous functions of two variables. Hilbert conjectured that the
answer was no, but in 1957 Kolmogorov, building on previous work of himself and Arnold, proved a remarkable result: every
continuous real-valued function of n variables from a closed and bounded interval can be expressed as a superposition of
functions of just one variable, and addition.
Theorem 1 (Kolmogorov Superposition, [8]). For a ﬁxed n 2, there are n(2n+ 1) continuous maps ψpq : [0,1] → R such that every
continuous f : [0,1]n → R can be written:
f (x) =
2n+1∑
q=1
(gq ◦ φq)(x) where φq(x1, . . . , xn) =
n∑
p=1
ψpq(xp),
and the gq : R → R are continuous maps depending on f .
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paper we focus on the functions φq in Kolmogorov’s theorem. Even in the case when n = 2, Theorem 1 says something
unexpected and insightful: there are just 5 continuous functions, φ1, . . . , φ5, on the unit square such that every continuous
function on the unit square can be obtained in a simple way from just these 5 functions along with functions of one real
variable. In other words, to understand C([0,1]2) it suﬃces to understand C([0,1]) and these 5 functions. (Here and below,
all topological spaces are Tychonoff, C(X, Y ) is the set of all continuous functions from X to Y , and C(X) = C(X,R). We
write ℵα for the αth inﬁnite cardinal and c for 2ℵ0 .)
Following Sternfeld and others a family Φ of continuous real-valued functions on a space X is said to be basic if every
f ∈ C(X) can be represented f =∑ni=1 gi ◦ φi for some φi ∈ Φ and gi ∈ C(R) for i = 1, . . . ,n.
In [4], building on work of Sternfeld [11], Ostrand [9], and others, the authors showed that a space X has a ﬁnite basic
family if and only if X is locally compact, ﬁnite-dimensional and separable metrizable (or equivalently, homeomorphic to a
closed subspace of Euclidean space). In this case, dim(X) n if and only if basic(X) 2n + 1. It might seem plausible that
a space X has a countable basic family precisely when X is suitably ‘nice’ and countable-dimensional, but this is not the
case. The result from [4] says that if a space has a countable basic family, then in fact it has a ﬁnite basic family.
These results help motivate the following deﬁnition of a new cardinal invariant of topological spaces: basic(X) =
min{|Φ|: Φ is a basic family for X}. Natural questions arise: what are the possible values for basic(X)? can we calcu-
late, or at least bound, basic(X) using other cardinal invariants of X , such as weight, w(X), the minimal size of a basis
for X?
Since the natural map of X into RΦ is an embedding when Φ is a basic family a simple restriction on the size of basic
families is: w(X) basic(X) · ℵ0  |C(X)|. So further natural questions are: when is basic(X) w(X)? when is basic(X) =
|C(X)|? is it possible to have basic(X) strictly between w(X) and |C(X)|?
In this paper we consider these questions for separable metrizable spaces and compact spaces. Suppose ﬁrst that X is
separable metrizable. Then from the above, either basic(X) is ﬁnite, and this happens if and only if X is locally compact
and ﬁnite-dimensional, or ℵ1  basic(X) c = |C(X)|. Experience of other related cardinal invariants of separable metrizable
spaces would suggest that basic(X) should be undetermined by the standard axioms of set theory (ZFC). For example k(X),
which is the minimal size of a coﬁnal family in the set of all compact subsets of X , is undetermined even when X is the
rationals or the irrationals. However (Theorem 3) basic(X) is determined in ZFC for all separable metrizable X :
either X is locally compact and ﬁnite-dimensional, and basic(X) < ℵ0,
or X is either inﬁnite-dimensional or not locally compact, and basic(X) = c.
This theme—that basic(X) is remarkably absolute—is continued when we consider compact spaces. Note that if K is
compact, then Stone [12] has shown that |C(K )| = w(K )ℵ0 . Hence, basic(K ) lies between the weight of K and the countable
power of the weight. This leads to some intriguing connections with Shelah’s Possible Coﬁnalities Theory (PCF).
Let κ be an uncountable cardinal. Shelah observed that κℵ0 = cof ([κ]ℵ0 ,⊆)× |P(ℵ0)|. (Here cof ([κ]ℵ0 ,⊆) is the minimal
size of a coﬁnal set in the countably inﬁnite subsets of κ ordered by inclusion.) If κ has uncountable coﬁnality then
cof ([κ]ℵ0 ,⊆) = κ , and so κℵ0 is easily computed—it is max(κ, c).
However, if κ has countable coﬁnality then Shelah has shown [10] that interesting things happen. Whereas the value
of |P(ℵ0)| = c is almost entirely unconstrained by the axioms of set theory and can be made arbitrarily large, cof ([κ]ℵ0 ,⊆)
seems to be almost absolute. For example ℵω < cof ([ℵω]ℵ0 ,⊆) < ℵω4 , and making cof ([ℵω]ℵ0 ,⊆) > ℵω+1 requires large
cardinals.
We prove (Proposition 12) that if K is compact and ﬁnite-dimensional then basic(K )  cof ([w(K )]ℵ0 ,⊆), and deduce
(Theorem 14) that if K is suitably ‘nice’ (contains a discrete subset D with |D| = w(K )) then
either K is ﬁnite-dimensional, and basic(K ) = cof ([w(K )]ℵ0 ,⊆),
or K is inﬁnite-dimensional, and basic(K ) = |C(K )| = w(K )ℵ0 .
This gives a lot of information on the possible values of basic(K ) for compact K . Exactly which values occur is discussed
below.
It is also interesting to note that if K is compact, ﬁnite-dimensional, ‘nice’ and of weight κ (for example, K = 2κ ), and
if Φ is a basic family for K of minimal size, then C(K ) ∼⋃n∈N(Φn × C(R)n) is a natural ‘topological realization’ of the
cardinal identity κℵ0 = cof ([κ]ℵ0 ,⊆) × |P(ℵ0)|.
Finally we brieﬂy discuss connections of the above results with Banach algebras. Let K be a compact space. Then C(K )
with the supremum norm is a Banach algebra. Sternfeld has observed that for any φ ∈ C(K ) the set L(φ) = {g ◦φ: g ∈ C(R)}
is a closed subring of C(K ) containing the constants and generated by a single element, and conversely every closed subring
with these properties is of the form L(φ) for some φ in C(K ).
Thus saying that basic(K ) κ is the same as saying that C(K ) is the sum of no more than κ closed subrings containing
the constants and generated by a single element. So the results above imply that the problem of deciding whether the
Banach algebra C(K ) can be written as a sum of a certain size of ‘small’ closed subrings is closely linked to cof ([w(K )]ℵ0 ,⊆)
and PCF theory.
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connections between PCF theory and the character of Pontryagin–van Kampen dual groups [2]—are the ﬁrst time that PCF
theory has arisen ‘naturally’ in topology and analysis (rather than as a tool to solve problems).
2. Separable metrizable spaces
In this section we prove the results outlined in the Introduction about basic(X) for separable metrizable spaces.
The following simple lemma is used repeatedly and without further reference. Let Φ be a basic family for a space X ,
and let C be a C-embedded subspace (every continuous real-valued function on C can be extended over X ). Then clearly
Φ  C = {φ  C : φ ∈ Φ} is basic for C . Hence:
Lemma 2. Let C be a C-embedded subspace of a space X—for example if X is normal, and C is closed—then basic(X) basic(C).
Theorem 3. Let X be separable metrizable. Then either basic(X) is ﬁnite, which occurs if and only if X is locally compact and ﬁnite-
dimensional, or basic(X) = c.
Proof. Let X be separable metrizable. Four cases arise.
The ﬁrst case is when X is locally compact and ﬁnite-dimensional. Then basic(X) 2dim(X) + 1, by the Main Theorem
of [4].
In all remaining cases we show basic(X) c, and so equals the continuum.
The second case is when X is not locally compact. Then, as X is ﬁrst countable and normal, X contains a closed copy of
the metric fan, F (deﬁned below). So basic(X) basic(F ) c by Propositions 9 and 10.
Case 3 is that X is locally compact, inﬁnite-dimensional, but contains no inﬁnite-dimensional compact subspaces. Then
we can write X as a union of open sets (Un)n such that, for all n, compact Un ⊂ Un+1 and dim(Un) < dim(Un+1). Using the
Countable Sum Theorem for dimension, we can extract compact subsets Cn from the ‘gaps’ Un+1 \ Un such that dimCn <
dimCn+1 for all n. Now we see that C , the disjoint union of the Cn ’s is a closed subspace of X satisfying the conditions of
Proposition 7, so we indeed have, basic(X) basic(C) c.
Finally, suppose X is locally compact and contains an inﬁnite-dimensional compact subspace K . It suﬃces to show
basic(K ) c, which is the content of Proposition 8. 
In vector spaces one method of giving a lower bound for the size of a basis is to ﬁnd large linearly independent sets.
We apply the same approach to give lower bounds for basic(X). Note that if V is a vector space, then L ⊆ V is linearly
independent if and only if its intersection with any subspace spanned by n members of V contains no more than n elements.
This leads us to the correct deﬁnition of ‘functional independence’.
Let C be a subset of C(X). We say that C is (functionally) independent if for all n, and any φ1, . . . , φn ∈ C(X) we have
|C ∩ {∑ni=1 gi ◦ φi: g1, . . . , gn ∈ C(R)}| n. (We omit the adjective ‘functionally’ except when we need to differentiate from
linear independence in the vector space sense.)
Further, we say C is weakly independent if for all n, and any φ1, . . . , φn ∈ C(X) we have |C ∩ {∑ni=1 gi ◦ φi: g1, . . . , gn ∈
C(R)}| < c, and we say C is strongly independent if for all n, and any φ ∈ C(X,Rn) we have |C ∩ {g ◦ φ: g ∈ C(Rn)}| n.
Clearly ‘independent’ implies ‘weakly independent’. Further, writing
∑n
i=1 gi ◦ φi as g ◦ φ where φ(x1, . . . , xn) =
(φ1(x1) . . . , φn(xn)) and g(y1, . . . , yn) =∑ni=1 gi(yi), we see that ‘strongly independent’ implies ‘independent’.
Lemma 4. If a space X has a weakly independent family C of size  c, then basic(X) c.
Proof. Let Φ be a basic family for X . For each f ∈ C , pick φ1, . . . , φn from Φ so that f =∑ni=1 gi ◦ φi . Then as C is weakly
independent, the map taking f in C to {φ1, . . . , φn} in ⋃m∈N[Φ]m is < c-to-1. Since |C|  c, it follows that |Φ|  c—as
required. 
To create large functionally independent families we will start from large linearly independent sets in the vector space
Rn (with its usual inner product).
Proposition 5. Fix a natural number n.
(a) There is a Cantor set C contained in the unit (n − 1)-sphere of Rn such that for any distinct x1, . . . , xn in C , the xi ’s form a basis
of Rn.
(b) Let J be a non-trivial closed bounded interval, and B a homeomorph of the n-cube, Jn. There is a Cantor set D contained in C(B, J )
such that for any distinct d1, . . . ,dn in D the map d = (d1, . . . ,dn) : B → Jn is an embedding.
Proof of (a). The set A = {(1, t, . . . , tn): t ∈ I} is an arc in Rn such that any n distinct elements from A are linearly indepen-
dent. Projecting on the unit sphere, and picking a Cantor subset gives what is claimed.
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of Rn [7]) Cantor subsets of Rn are such that any n distinct elements from the Cantor set are linearly independent. 
Proof of (b). First note that if (b) holds for one choice of J and B , then it holds for all. We will use the interval J = [−1,+1],
and the closed n-ball, B(n) . Also note that we work in the inner product space Rn .
Fix a Cantor set C in the unit sphere of Rn as in part (a). Let Cˆ = {cˆ: c ∈ C} where cˆ is the linear functional on Rn dual
to c, namely cˆ(x) = 〈c, x〉. Then, by duality, Cˆ is a Cantor set in R∗ ⊆ C(Rn,R), and any n-many distinct elements of Cˆ are
linearly independent.
Let D = {cˆ  B(n): c ∈ C}. Then D is a family of continuous functions mapping B(n) to [−1,+1], with the required
properties. 
Proposition 6. Fix K a compact space of dimension > n 2.
Then there is a Cantor set C ⊆ C(K , I) such that for all φ ∈ C(K , In) we have |C ∩ {g ◦ φ: g ∈ C(In, I)}| n.
Proof. Recall (see [1], for example) that a normal space, X , has dimension  n if and only if every continuous map from a
closed subspace into the n-sphere (which is homeomorphic to the boundary of the (n+1)-cube) has a continuous extension
over X . Hence, as dim K > n, there is a map p : K → In+1 and closed subspace A, such that p  A : A → ∂ In+1 cannot be
continuously extended (over K into ∂ In+1). We may suppose that A = p−1∂ In+1.
By Proposition 5(b) there is a Cantor set D contained in C(In+1, I) such that for any distinct d1, . . . ,dn+1 ∈ D the map
d = (d1, . . . ,dn+1) : In+1 → In+1 is an embedding. For distinct d1, . . . ,dn+1 ∈ D , and embedding d = (d1, . . . ,dn+1) deﬁne
fd = d ◦ p. Note that fd = fd′ if d = d′ . Let C = { fd: d ∈ D}. This is a Cantor set in C(K , In+1).
Suppose, for a contradiction, for some φ ∈ C(K , In), there were (n + 1) distinct elements f1, . . . , fn+1 in C ∩ {g ◦ φ: g ∈
C(In, I)}. So, for i = 1, . . . ,n+ 1, we have f i = di ◦ p for some (distinct) di ∈ D , and f i = gi ◦ φ for some gi ∈ C(In, I).
Let d = (d1, . . . ,dn+1), and g = (g1, . . . , gn+1). So p ◦ d = g ◦ φ. Since d is an embedding, we have p = h ◦ φ where
h = (d−1 ◦ g) is in C(In, In+1).
Let A′ = h−1∂ In+1. Note that φ−1A′ = p−1∂ In+1 = A, so φ maps A inside A′ . Since K ′ = φ(K ) is contained in In it has
dimension  n. Hence the map h  A′ : A′ → ∂ In+1 has a continuous extension h′ : K ′ → ∂ In+1.
But now p  A : A → ∂ In+1 has a continuous extension over K into ∂ In+1—namely h′ ◦ φ—a contradiction. 
Proposition 7. Let (Cn)n be a sequence of compact spaces such that each Cn has ﬁnite dimension > n. Let X =⊕n Cn, and γ X be a
compactiﬁcation of X .
Then there is a Cantor set C contained in C(γ X, I) ⊆ C(X) such that C is strongly independent for C(X) (and hence for C(γ X)).
Hence basic(X) c and basic(γ X) c.
Proof. For each n  2, ﬁx the Cantor set, En , guaranteed by Proposition 6 for the > n-dimensional space Cn , and ﬁx a
homeomorphism hn from the standard Cantor set C to En . Let C = { fc: c ∈ C} where fc is constantly equal to zero on
C1 and on the remainder γ X \ X , and equals hn(c)/n on Cn . Note that each fc is continuous, and so C is a Cantor set in
C(γ X, I).
Take any n  2 and φ ∈ C(X,Rn). Considering the restrictions of φ and elements of C to Cn , it is immediate from the
properties of En , that |C ∩ {g ◦ φ: g ∈ C(Rn)}| n. Thus C is strongly independent. 
Proposition 8. Let K be compact and inﬁnite-dimensional. Then there is a Cantor set C contained in C(K , I) which is strongly inde-
pendent.
Hence, basic(K ) c.
Proof. We show an appropriate, strongly independent, Cantor set C exists. Dowker has shown [3] that if X is a normal space
and M is a closed subspace with dim n then dim X  n if and only if dim F  n for all closed subsets of X disjoint from M .
In particular: (∗) if M contains a single point, x, then dim X > n if and only if dim F > n for some closed subset F of X \ {x}.
For each point x in K pick a closed neighborhood of minimal dimension, Bx . By compactness, for some x, Bx is inﬁnite-
dimensional, and so all neighborhoods of x are inﬁnite-dimensional. Let K1 = K . Apply (∗) to get a compact subset C1 of K1
not containing x with dimC1 > 1. Pick a closed neighborhood K2 of x disjoint from C1. Apply (∗) to get a compact subset
C2 of K2 not containing x with dimC2 > max(2,dimC1). Inductively, we get a pairwise disjoint collection, {Cn: n ∈ N}, of
compact subsets of K which are either (i) of strictly increasing (ﬁnite) dimensions, or (ii) all inﬁnite-dimensional. Let K ′ be
the closed subspace
⊕
n Cn .
In the ﬁrst case we apply Proposition 7 to K ′ to get a strongly independent Cantor set in C(K ′)—and hence in C(K )—as
required.
In the second case, by Proposition 6, for each n there is a Cantor set En ⊆ C(Cn, I) such that for all φ ∈ C(Cn, In) we have
En ∩ {g ◦ φ: g ∈ C(In, I)} ﬁnite. Fix homeomorphisms hn between the standard Cantor set C and En .
Deﬁne, for c ∈ C, a map fc : K ′ → I by: fc is identically zero on K ′ \⊕n Cn and fc(x′) = (1/n)hn(c)(x′) if x′ ∈ Cn .
Then the fc ’s are continuous, can be continuously extended over K , and so form a Cantor set C in C(K , I). Further, if
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in {g ◦ (φ  En): g ∈ C(In, I)}, by choice of En .
Thus the Cantor set C is strongly independent as required. 
Let F be the metric fan where F = (N×N)∪ {∗}, points in N×N are isolated and basic neighborhoods of ∗ are B(∗,n) =
([n,∞)×N)∪{∗}. Then a separable metric space is not locally compact if and only if it contains a closed copy of the metric
fan. Thus if basic(F ) = c then basic(X) = c for every separable metric space X which is not locally compact.
We ﬁrst reduce the calculation of basic(F ) to that of basic(N, [−1,+1]). Here we say that a family Φˆ ⊆ C(N, [−1,+1]) is
‘basic for N into [−1,1]’ if ∀ fˆ ∈ C(N, [−1,+1]) there are φˆ1, . . . , φˆn ∈ Φˆ , and gˆ1, . . . , gˆn ∈ C(R) such that fˆ =∑ni=1 gˆi ◦ φˆi ,
and deﬁne basic(N, [−1,+1]) =min{|Φˆ|: Φˆ is basic for N into [−1,1]}.
Proposition 9. basic(F ) basic(N, [−1,+1]).
Proof. Let Φ be basic for F . We will show that there is a Φ̂ with |Φ̂| = |Φ| such that Φ̂ is basic for N into [−1,+1].
For each φ ∈ Φ and n such that φ maps {n} × N into [−1,+1], deﬁne φ̂n in C(N, [−1,+1]) by φ̂n(m) = φ(n,m). Let
Φ̂n = {φ̂n: φ ∈ Φ} and Φ̂ =⋃n Φ̂n . Note that |Φ̂| = |Φ|.
Take any fˆ ∈ C(N, [−1,+1]). Deﬁne f : F → [−1,+1] by f (∗) = 0 and f (n,m) = fˆ (m)/n. Note f is continuous. So there
are φ1, . . . , φn in Φ and g1, . . . , gn in C(R) such that f =∑i gi ◦ φi .
By continuity of φ1, . . . , φn at ∗ there is an N such that each φi maps {N} × N into a closed bounded interval, say Ii .
Fix homeomorphisms hi of R with itself carrying Ii to [−1,+1]. Now we see that, replacing gi with gi ◦ h−1i and φi with
hi ◦ φi , we can assume that the φi all map into [−1,+1].
Thus φ̂1 = (̂φ1)N , . . . , φ̂n = (̂φn)N are in Φ̂N ⊆ Φ̂ . Further, as fˆ (m)/N = f (N,m) =∑ni=1 gi(φi(N,m)) =∑i gi(φ̂i(m)), we
have that fˆ =∑ni=1 ĝi ◦ φ̂i where ĝi = N.gi—as required. 
Proposition 10. There is a Cantor set C contained in C(N, [−1,+1]) such that |C ∩ {∑ni=1 gi ◦ φi: g1, . . . , gn ∈ C(R)}| ℵ0 for all
φ1, . . . , φn from C(N, [−1,+1]).
Thus C is ‘weakly independent’ in the sense appropriate for C(N, [−1,+1]), and so basic(N, [−1,+1]) = c.
Proof. Deﬁne C = { f ∈ C(N, [−1,+1]): f (N) = {−1,+1}}. Then C is a Cantor set, and we will prove that, for each n, and
ﬁnite Φ ′ ⊆ C(N, [−1,+1]) we have |C ∩ L(Φ ′)| = ℵ0.
Fix n  1. Fix φ ∈ C(N, [−1,+1]n). As in the argument that ‘strongly independent’ implies ‘independent’ to prove
the claim it suﬃces to show that there are only countably many f ∈ C representable as g ◦ φ for some g ∈
C([−1,+1]n, [−1,+1]).
Let K = φ(N)—a compact subset of [−1,+1]n . A composition g ◦ φ : N → [−1,+1] is determined by the values of g on
φ(N), and so deﬁnitely determined by its values on K .
If g ◦φ is in C , then, by continuity, g  K maps K onto {−1,+1}. Thus K is partitioned into two non-empty clopen pieces,
one of which is mapped by g to −1, and the other to +1. But a compact metric space only has countably many clopen
subsets. So there are only a countable number of possibilities for g on K , and only countably many f ∈ C representable as
g ◦ φ—as claimed. 
Corollary 11. Let X be ﬁnite-dimensional, locally compact, not compact, separable metrizable. Then:
(1) there is a basic family Φ ⊆ C(X) such that Φ is ﬁnite, but
(2) there is no family Φ∗ ⊆ C(X) consisting of bounded functions which are basic∗ (for every bounded f ∈ C(X) there are
φ1, . . . , φn ∈ Φ∗ and g1, . . . , gn ∈ C(R) with f =∑ gq ◦ φq) such that |Φ∗| < c.
Proof. The ﬁrst claim is just the Main Theorem of [4]. For the second part, ﬁrst note that since N can be embedded as a
closed subspace of X , it is suﬃcient to show that (2) holds for N. Suppose, for contradiction, there exists a basic∗ family
Φ∗ for N consisting of bounded function whose cardinality is < c.
Write Φ∗ = ⋃n∈N Φn where Φn = {φ: −n  φ(a)  n, for each n ∈ N}. Then C∗(N) = ⋃n∈N L(Φn). Let F = { f ∈
C(N, [−1,+1]): f (N) = {−1,+1}} as in the proof of Proposition 10. There exists an m0 such that |F ∩ L(Φm0 )| = c. But
the argument in the proof of Proposition 10 shows L(Φm0 ) |Φ∗| < c which is the desired contradiction. 
3. Compact spaces
In this section we prove the results outlined in the Introduction about basic(X) for compact spaces.
Proposition 12. Suppose K is compact and ﬁnite-dimensional. Then basic(K ) cof ([w(K )]ℵ0 ,⊆).
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dim Kλ  n, and for all λ μ a continuous map fλ,μ such that K = lim←−{Kλ: λ ∈ Λ} = {〈xλ〉 ∈
∏
λ Kλ : λ μ ⇒ fλ,μ(xλ) =
xμ}.
Let C be coﬁnal in ([Λ]ℵ0 ,⊆). We may suppose that each C in C is directed. For each C ∈ C , KC = lim←−{Kλ: λ ∈ C} is
compact, metric of dimension  n. So KC has a basic family Φ ′C of size 2n + 1. Deﬁne pC = πC  lim←−{Kλ: λ ∈ Λ}. Deﬁne
ΦC = {φ′ ◦ pC : φ′ ∈ Φ ′C } and Φ =
⋃
C∈C ΦC . Then |Φ| = |C|. We show that Φ is basic—as required.
To this end, take any f ∈ C(K ). The ﬁrst step is to show that there is a C ∈ C and continuous g : lim←−{Kλ, λ ∈ C} → R
such that f = g ◦ pC . We can do so by using the fact that the corresponding property holds for continuous functions on
products of compact metrizable spaces. So extend f : lim←−{Kλ: λ ∈ Λ} → R to continuous fˆ :
∏
λ∈Λ Kλ → R. Then there is a
countable Λ0 ⊆ Λ and continuous g0: ∏λ∈Λ0 Kλ → R such that fˆ = g0 ◦ πΛ0 . Pick C ∈ C such that C ⊇ Λ0. Note that as
C is directed, {〈xλ〉λ∈C : λμ ⇒ fλ,μ(xλ) = xμ} = lim←−{Kλ: λ ∈ C}, and πC maps lim←−{Kλ: λ ∈ Λ} to lim←−{Kλ: λ ∈ C}. We can
write fˆ = gˆ ◦ πC where gˆ = g0 ◦ π CΛ0 is a continuous map of
∏
λ∈C Kλ into R. Thus f = fˆ  lim←−{Kλ: λ ∈ Λ} = g ◦ pC where
pC = πC  lim←−{Kλ: λ ∈ Λ} and g = gˆ  lim←−{Kλ: λ ∈ C}.
Now we see that g =∑2n+1i=1 gi ◦ φ′I where φ′C ∈ Φ ′C and gi ∈ C(R). Thus
f = g ◦ pC =
2n+1∑
i=1
gi ◦
(
φ′i ◦ πC
)=
2n+1∑
i=1
gi ◦ φi,
where φ1, . . . , φ2n+1 are in ΦC ⊆ Φ and g1, . . . , g2n+1 are in C(R). 
Call a space X ‘nice’ if it contains a discrete subset D with |D| = w(X). Note that there are many examples of compact
‘nice’ spaces, for example: 2κ , In × 2κ and Iκ are compact, ‘nice’ and span the dimensions.
Proposition 13. If K is compact and ‘nice’, then basic(K ) cof ([w(K )]ℵ0 ,⊆).
Proof. Let D be discrete in K with w(K ) = |D|. Let K ′ = D , and K ′c = K ′ \ D . Since w(K ′) = w(K ) and basic(K ) basic(K ′)
it suﬃces to show basic(K ′) cof ([w(K ′)]ℵ0 ,⊆).
Note that D is open in K ′ , so K ′c is compact. Take any function f ∈ C(K ′,Rn). Then f (K ′c) is a compact subset of Rn ,
so it is a Gδ-subset, and we can write f (K ′c) as
⋂
n∈N Un , where Un is open set in Rn for each n. As K ′ is compact,
each K ′ \ f −1(Un) is closed and discrete, and hence ﬁnite. So we can deﬁne a countable subset of D for each f by C f =⋃
n∈N K ′ \ f −1(Un).
Now suppose Φ ⊆ C(K ′) with |Φ| < cof (|w(K ′)|ℵ0 ,⊆). We show Φ is not a basic family.
Given φ1, φ2, . . . , φn from Φ , let φˆ = (φ1, . . . , φn): K ′ → Rn , and C(φ1, . . . , φn) = Cφˆ . Let C = {C(φ1, . . . , φn): φ1, . . . , φn ∈
Φ}. Since |Φ| < cof ([w(K ′)]ℵ0 ,⊆), the collection C is not coﬁnal in [D]ℵ0 . Therefore there exists a countably inﬁnite subset
C of D such that for any φ1, . . . , φn , C is not a subset of C(φ!, . . . , φn).
Take any φ1, . . . , φn in Φ . Pick x in C but not C(φ1, . . . , φn). By deﬁnition of C(φ1, . . . , φn) there exists x′ ∈ K ′c such that
φˆ(x) = φˆ(x′). Then for any g1, . . . , gn from C(R), ∑ni=1 gi ◦ φi takes the same value at a point in C and at a point in K ′c .
But now we see that if we enumerate C = {x1, x2, . . .}, and deﬁne h by h(xn) = 1/n and h is identically zero outside C ,
then h is continuous and h(C) is disjoint from h(K ′c). Thus h cannot be represented by any ﬁnite collection of Φ , and so Φ
is not basic. 
From the identity w(K )ℵ0 = cof ([w(K )]ℵ0 ,⊆) × c and Propositions 8, 12 and 13 we conclude:
Theorem 14. If K is compact and ‘nice’ then:
either K is ﬁnite-dimensional and basic(K ) = cof ([w(K )]ℵ0 ,⊆),
or K is inﬁnite-dimensional and basic(K ) = |C(K )| = w(K )ℵ0 .
Recall that for a compact space K we have w(K ) basic(K ) w(K )ℵ0 = |C(K )|. Either one, or both, of the inequalities
can, at least consistently, be strict.
Taking K = 2ℵ1 , we have w(K ) = basic(K ) and basic(K ) < w(K )ℵ0 if and only if the Continuum Hypothesis fails.
Taking K = 2ℵω or K = Iℵω , we have w(K ) < basic(K ), and while basic(Iℵω ) must equal w(Iℵω )ℵ0 , it is at least consistent
that basic(2ℵω ) = ℵω+1 < ℵω+2 = c = w(2ℵω )ℵ0 .
4. Open questions
The most immediate question is whether the restriction to ‘nice’ compacta in Proposition 13 is necessary.
Question 15. Is it true that basic(K ) cof ([w(K )]ℵ0 ,⊆) for all compact spaces K?
1130 Z. Feng, P. Gartside / Topology and its Applications 158 (2011) 1124–1130The proofs of the results for compact spaces clearly rely on facts and techniques that only apply to compact spaces. But
it seems possible that the results could be extended to larger classes of spaces.
Question 16. Do the results for basic(K ) for compact K hold for (1) locally compact, Lindelof spaces or even (2) all Lindelof
spaces?
In a different direction, what about discrete spaces?
Question 17. Is basic(D(ℵ01)) = ℵ1? = c?
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